Interference at the radio receiver is a key source of degradation in quality of service of wireless communication systems. This paper presents a unified framework for OFDM/FBMC interference characterization and analysis in asynchronous environment. Multi-user interference is caused by the timing synchronization errors which lead to the destruction of the orthogonality between subcarriers. In this paper, we develop a theoretical analysis of the asynchronous interference considering the multi-path effects on the interference signal. We further propose an accurate model for interference that provides a useful computational tool in order to evaluate the performance of an OFDM/FBMC system in a frequency selective fading environment. Finally, simulation results confirmed the accuracy of the proposed model.
I. INTRODUCTION
Multicarrier systems are widely used today due to their robustness to multipath effects and efficient implementation using FFT. Orthogonal Frequency Division Multiplexing (OFDM) system is a type of multicarrier modulation which consists of splitting up a wide-band signal at a high symbol rate into several lower rate signals, each one occupying a narrower band. System performance improves because subcarriers experience flat fading channels and are orthogonal to one another, thus, minimizing the threat of interference.
However, in an asynchronous environment, the OFDM signal is often corrupted by interferences coming from other base stations, or users, that share the same set of subcarriers. In such a case, the performance of OFDM tends to suffer from degradation because of interferences introduced by this non-synchronization (e.g, [1] , [2] and the reference therein) .
Interference modeling is an important problem, with numerous applications to the analysis and design of communication systems, and the development of interference mitigation techniques.
To study this problem, many approaches have been investigated. The most common one is to model the interference by a Gaussian random process [3] , [4] . This is appropriate, for example, when the interference is related to a large number of independent signals, where no term dominates the sum, and thus the central limit theorem applies. The Gaussian process has many well-studied properties and often leads to analytical tractable results. However, there are several scenarios where the central limit theorem does not apply, e.g., when the number of interferers is large but there are dominant interferers [5] , [6] . In many cases, the probability density function (pdf) of the interference exhibits results strongly different from what is predicted by the Gaussian model.
The power spectral density (PSD) has been also used to give a model of interference [8] , [9] , [10] .
This model is based on the out-of band radiation which is determined by the PSD models of multicarrier signals. However, this model does not always give accurate results. For example, in CP-OFDM when the timing offset does not exceed the cyclic prefix duration, the interference comes only from the same subchannel but the other subchannels do not contribute in this interference. Unfortunately, in this case the PSD modeling still shows that the other carriers contribute in the resulting interference.
Another approach is based on the analytical calculation of the interference after the receiver filter. In [1] , a mathematical analysis has been performed concerning the effect of timing synchronization errors on the performance of an OFDM receiver. The authors in [2] , [7] have presented an interference analysis in a downlink OFDM microcellular radio communication system in the presence of frequency and timing synchronization errors. In [11] , inter-cell interference resulting from timing offset for two multicarrier modulation techniques CP-OFDM and the Filter Bank based Multi-Carrier (FBMC) waveform are firstly investigated and compared. Two tables modeling the mean interference are given for a timing offset uniformly distributed on the OFDM symbol duration. In [11] , only timing offsets have been investigated, the channel effects were not taken into account.
The key feature of this paper is to develop a new model for interference analysis in asynchronous multicarrier transmission over frequency selective fading channels. We consider two multicarrier modulation techniques CP-OFDM with a rectangular pulse shape and the FBMC waveform with a prototype filter designed with a better frequency selectivity [14] . The proposed model is based on instantaneous interference tables computed using unitary channel for each timing offset. It is worth noting that this model can be applied for any multicarrier waveform and in any multi-user scenario.
Our aim is to assess the accuracy of the utilization of this model considering pathloss and selective Rayleigh fading effects with respect to two criteria:
• the signal to interference plus noise ratio (SINR)
• the user capacity A comparison with similar results, obtained through intensive Monte Carlo simulations, is presented. This paper is organized as follows. In Section II, we illustrate how to compute the interference table for each waveform. In Section III, we investigate the extension of this model to frequency selective channels. Simulation results are reported in Section IV, and Section V concludes this paper.
II. OFDM/FBMC INTERFERENCE TABLES
To take into account the detrimental effects of interference caused by the imperfect synchronization, we refer to a receiver which suffers from interference coming from an asynchronous source. The receiver is assumed perfectly synchronized with its corresponding transmitter. So, we will be interested in the impact of the interfering signal on the reference receiver.
A. CP-OFDM case
Consider the following asynchronous signal coming from the interferer on the k th subcarrier
The transmit pulse shape g(t) and the receiver filter impulse response f (t) are expressed as follows
T and ∆ denote resp. the OFDM symbol and the cyclic prefix (CP) durations. τ is the timing offset between the reference user and the interferer.
The k ′th output of the receiver filter for a timing offset τ , will be
where ( * ) denotes the convolutional product. l = k − k ′ is the difference, in number of carriers, between the interfering and the victim subcarriers.
The positions of the receiver window and the interferer window are depicted in Fig.1 .
In the general case, we see that the product g(t ′ − τ )f (T + ∆ − t ′ ) and the choice of τ determine the limits of the integral appearing in (2), we have then three cases to be analyzed
In this case the timing offset is absorbed by the CP. The interference will only occur on the same subcarrier (l = 0), the other subcarriers are free of interference due to the orthogonality between them.
• Case 2 : (∆ < τ < T + ∆)
On the contrary, when the timing offset is larger than the CP duration, the asynchronism damages the orthogonality between the subcarriers. Thus, the interference is brought by all subcarriers.
• Case 3 : (T + ∆ < τ < T + 2∆)
In this case, the interference is no longer caused by this symbol, but it will come from the previous symbol
It should be noted that the generalization of this analysis is straightforward when we have
As the communication symbols x k,n are zero mean uncorrelated variables, the corresponding interference power is the sum of the interference power coming resp. from two successive data symbols (x k,n−1 , x k,n ). Without loss of generality, we assume that E[|x n,k | 2 ] = 1, we get then
where δ(l) is the Kronecker delta. }. It is worth noting that we can model this interference power as a set of instantaneous interference tables for each timing offset τ .
B. FBMC case
The transmission in FBMC system as all multicarrier systems is also based on the principle to divide the bandwidth into a large number of uniform sub-bands. In order to have a better frequency localization, we can use different transmit pulses (non rectangular) that are more localized in time and frequency domain. The main idea is to transmit offset QAM symbols instead of conventional QAM ones. An introduced orthogonality condition between subcarriers guarantees that the transmitted symbols are received free of inter-symbol interference (ISI) and inter-carrier interference (ICI), which is achieved through time staggering the in-phase and the quadrature components of the subcarrier symbol by half a symbol period [12] , [13] . The continuous-time baseband transmitted signal can be written [12] 
where N is the number of subcarriers, a m,n are the real transmitted data symbols and γ m,n is defined by
and with
T denotes the OFDM bloc duration and 1/T is the spacing between two successive subcarriers.
is the real-valued symmetric pulse response of the prototype filter. The symbols are estimated
In our analysis, we have considered the PHYDYAS NPR (nearly perfect reconstruction) prototype filter using the frequency sampling technique [14] . The impulse response of this filter is defined as follows
where K is the overlapping factor and A is the normalization factor
The parameters G k depend on the overlapping factor K, e.g., for K = 4, we have
, G 3 = 0.235147 and A = 16T . Now, let us consider the asynchronous transmission of a single symbol a m,n from the interferer to the reference receiver on the m th subcarrier
τ denotes the timing offset between the victim user and the interferer.
The output of the reference user, on the m ′th subcarrier at t = n ′ T /2, can thus be given by following expression.
In order to get simplified, easier-to-manipulate expressions, let us define the following integral
We provide the explicit form expressions of this integral in (16) and (17) for resp. l = 0 and l = 0. The details of calculus are given in Appendix A.
According to the expression (11), we see that the product g(t)g(t − τ ) can be nonzero only for the offset values τ ∈ [−KT, KT ]. Therefore, to compute y n ′ ,m ′ , we have to consider two cases
In this case, (14) and (15) yield
According also to (14) and (15), y n ′ ,m ′ (τ ) can be written
As for the CP-OFDM case, and using (18) and (19) the interference power can be computed. 
}. Each curve can also be presented as an instantaneous interference table. It is worth mentioning that these results correspond to the PHYDYAS prototype filter with an overlapping factor K = 4.
C. The mean interference power tables
As aforementioned in the two previous subsections, the interference power can be modeled by tables. In Fig. 4 , we present the mean interference power for CP-OFDM system with a CP duration ∆ = T /8 and FBMC system with an overlapping factor K = 4. In order to calculate these two tables, we assume a uniformly distributed timing offset τ ∈ [0, T + ∆]. It should be noted that τ is uniformly distributed on [0, T ] in FBMC case because of the lack of cyclic prefix.
According to Fig. 4 , we see that the interference in OFDM case is spread over a high number of subchannels; on the other hand, for the FBMC, the interference is more localized and it appears only on the subchannel of interest and the two immediate adjacent ones.
We give also in Table I (see Appendix B) the mean interference power tables for both multicarrier systems. 
III. ASYNCHRONOUS MULTICARRIER TRANSMISSION OVER

A. CP-OFDM case
In a classical OFDM transmission, the CP is used to eliminate the need for a complex equalizer on dispersive channels and furthermore it is used for synchronization purposes. This is required to maintain orthogonality between the subcarriers after demodulation [15] . The length of the cyclic prefix is normally set to accommodate the longest delay spread expected on the channel, therefore eliminating the inter-symbol interference (ISI). In such a case, the CP transforms the linear convolution channel to a cyclic convolution channel. After the FFT operation of the receiver, we get
where P trans (k) and P rec (k) denote resp. the transmitted and the received power on the k th subcarrier. H k is the frequency-domain channel gain at the k th subcarrier.
However, the interferer is not necessarily synchronized with the victim user. Therefore, we cannot use (20) in order to compute the interference power.
To analyze this problem, let's consider the unsynchronized transmission depicted in Fig. 5 . The impulse response of the multi-path channel between the interferer and the victim user is defined
where n 0 < n 1 < ... < n (L−1) < C and C is the maximum delay spread of the channel normalized by the sampling period, and h i are the complex path gains, which are assumed mutually independent, where E[h i h * i ] = γ i , and E[h i h * j ] = 0 when i = j. we further assume that the power is normalized such that
In the following analysis, the channel is assumed stationnary over one OFDM symbol. This is the case for time-invariant or slowly varying channels.
In order to compute the interference on each subcarrier, we distinguish two cases,
According to (3) and (21), when the transmission and the reception subcarriers are the same (k = k ′ ), the interference signal can be expressed by,
Therefore, (20) can be applied to compute the interference power. It is clear that there is no interference on the other subcarriers (k = k ′ ).
In the same way, we combine (4) and (21), to calculate the interference for k
where H ′ is the FFT of the following modified channel impulse response
For k ′ = k, we have
The detailed derivation of the expressions (23) and (25) is illustrated in Appendix C.
B. FBMC case
For the FBMC case, we refer to the same unsynchronized transmission shown in Fig. 5 . Our aim here is to determine the interference caused by an asynchronous FBMC signal in a frequency selective environment. We have to consider two cases
In section II, we have expressed the FBMC interference signal for a constant unitary channel by (18) and (19). This means that this interference signal can be considered as the interference signal coming from a single path. Therefore, combining the expressions (18) and (19) with the channel impulse response (21), we obtain the resulting interference signal in a frequency selective channel in expressions (26) and (27) for resp. case 1 and case 2.
C. Interference estimation using the tables
With a selective frequency channel, the interference depends on the offset delay τ , the carrier lag between the victim user and the interferer k−k ′ and also on the propagation channel response.
It is thus no more possible to generate interference tables because it should be necessary to have one for each different selective channel. Nevertheless, it is possible to have an estimation of the interference power by using the following expression
where
• P trans (k) is the transmitted power on the k th subchannel.
• I(τ, |k − k ′ |) is the interference table coefficient for the timing offset τ and k ′ denotes the index of the victim subchannel.
• |H k | 2 is the power channel gain on the k th subchannel.
Simulation results in Section IV show that the estimated power using (28) is very closed to the real interference given by (23),(25) in the OFDM case and (26),(27) in the FBMC case.
It should be noticed that we use local interference tables with a length D because the interference is negligible when the interfering subchannel and the victim one are well separated (|k−k
It's clear that the table length D depends on the considered waveform CP-OFDM or filter bank.
IV. SIMULATION RESULTS
This section is divided into two parts: the first one consists on the validation of the proposed interference modeling using (28) and only the interference power computation will be achieved considering the frequency selective environment and the time synchronization errors. In the second part, we propose a scenario in which we apply this interference modeling for the purpose of performance evaluation of the considered system.
In order to assess the accuracy of expression (28), we compare the estimated power using the interference Other simulation parameters involved within this study are summarized in Table II .
A. CP-OFDM case
Fig . 6 shows the power coming from an unsynchronized OFDM transmitter with a given timing offset τ calculated by the Table estimation (28) and the Monte-Carlo method (over 1000 data frames) for a given channel realization. The channel frequency response is also depicted for this situation. It should be noticed that we assume that the propagation channels are stationary over the whole data frame.
Comparing the Monte-Carlo method (dashed curve) to the Table estimation method (solid curve) , we see clearly, that the Table estimation gives an accurate estimation of the power coming from an unsynchronized transmitter over a selective frequency channel. This result has been validated for the other channel model (TU-50 model).
B. FBMC case
We will use the same approach in the FBMC case. Fig. 7 displays the asynchronous interference power received from a filter bank transmitter with a given timing offset τ . Two methods are also considered : the Monte-Carlo method (over 1000 data frames) and the Table estimation one (28). The propagation channel is time-invariant over one OFDM symbol. In our analysis, we have considered the PHYDYAS prototype filter with an overlapping factor K = 4.
According to Fig. 7 , we can see also that the Table estimation method still gives an accurate prediction of the power received in an asynchronous FBMC scenario.
C. Application
Several applications and scenarios can be studied using this interference modeling. Now let's consider the scenario depicted in Fig 8. The transmitted power of each user must guarantee a target SNR of 20 dB at its base station. We assume that the user of interest occupies the k th cluster and the interferer utilizes the two adjacent clusters (k − 1) th and the (k + 1) th clusters.
All the signals in Fig. 8 propagate through similar multipath channel model. We assume that the propagation channels are stationary over the whole data frame. Also, the underlying channel models include path-loss effects, which take into account the position of the users. Each user is perfectly synchronized with its base station.
Our aim is to evaluate the performance of the transmission between the user of interest MU 0 and the reference base station BS 0 . In this evaluation, we take into account the asynchronous interference caused by MU 1 which is located at a distance d from BS 0 . The timing offset τ between the reference base station BS 0 and MU 1 is uniformly distributed on [0, T ].
If d varies from R and 2R, this implies that MU 1 can move from the edge to the center of cell 1. This scenario will be called a classical macro cellular context.
On the other hand, when d varies from 0 to 2R, it implies that MU 1 can be very closed to BS 0 while transmitting to BS 1 . This scenario is similar to a cognitive radio context where a secondary user (MU 1 ) can be very closed to the primary base station (BS 0 ).
In Fig. 9 and Fig. 10 , we illustrate the interference plus noise power (IN), the SINR and the capacity of the system (CP-OFDM and FBMC) when the interferer is located at d = R from the reference base station. C k is the capacity on the k th subchannel
where SINR k is the instantaneous SINR on the k th subchannel for a given channel realization.
The statistical expectation E[.] is computed over
• all channel realizations
• all timing offsets τ For each scenario, the evaluation of these parameters has been done using the Monte-Carlo simulation (MC) (averaged on the transmission of 1000 frames for each channel realization), the Table estimation method (TE) using the expression (28) and also Perfect synchronized case (PS). In the PS case, we assume that MU 1 is synchronized with the reference base station BS 0 .
According to Fig. 9 , we see clearly that there is a significant degradation on the sub-channels of the borders. It can be explained by the high level of interference caused by the unsynchronization which damages the orthogonality between the subcarriers.
On the other hand, the FBMC waveform (Fig. 10) provides almost the same performance in both cases (the perfect synchronized case and the asynchronous one) except for the two subcarriers of the borders which are affected by the interference. This can be explained by the good frequency localization of the PHYDYAS prototype filter where only immediate adjacent subcarriers are causing interference (k − 1 and k + 1) (see Fig. 4 ). Fig. 11 shows the averaged capacity for each waveform versus the distance d in asynchronous and perfect synchronized case. As aforementioned, the distance between the interferer and the reference base station varies between 0.1R and 1.9R.
In the cognitive radio case, we note a significant degradation of the capacity comparing the asynchronous OFDM case to the perfect synchronized (PS) case. We have a slight loss of the averaged capacity in the asynchronous FBMC compared also to the PS case. The better performance of FBMC compared to OFDM can be justified by the fact that only one adjacent subcarrier of (k − 1) th and (k + 1) th clusters will participate to the interference on the cluster used by the reference user (see Fig. 3 and Table I ). On the other side, looking at Fig. 2 and Table   I , a large number of adjacent subcarriers will cause interference on the cluster of interest (more than 8 adjacent subcarriers give an interference power greater than 10 −3 for OFDM instead of one subcarrier for FBMC).
In the cellular context, the interferer MU 1 is quite far from the reference BS 0 and closed to its base station BS 1 . This means that its transmitting power will be reduced. Furthermore, the interference received by BS 0 will be more decreased by the pathloss effects. Therefore, the timing synchronization errors have a less significant impact on performance in the multi-cellular context.
In the PS case, the orthogonality between subchannels is maintained. Therefore, the user capacity depends only on the noise level and the Rayleigh channel gain. As previously mentioned, the average SNR is equal to 20 dB which corresponds to a capacity of 6.65 bit/s/Hz. However in Fig. 11 , we have an averaged capacity lower than the expected 6.65 bit/s/Hz. This can be explained using the Jensen inequality.
It is worth noting that in this analysis, we do not consider the CP effect on the reduction of the capacity. The FBMC waveform is not concerned by this reduction due to the non-use of the cyclic prefix. Therefore, the achieved capacity gain should be more important than the obtained gain illustrated in the different results.
Moreover, comparing the sensitive to the timing unsynchronization compared to the CP-OFDM system which is more sensitive due to the loss of orthogonality damaged by the non-synchronization. The FBMC is demonstrated to be a potential alternative in cognitive radio context due to the good frequency selectivity of the prototype filter. We have also shown that, in multi-cell context, the timing non-synchronization has less significant effect on the performance for both waveforms.
APPENDIX A Substituting the expression (11) in (15), we obtain when l = 0 Ψ(t, τ, 0)
Using some trigonometric transformations, the integral Ψ(t, τ, 0)
can be written in the following form
After integration, we get
After integration, we obtain 
shown in Table I . 
APPENDIX C
To determine the OFDM interference signal received through a frequency selective channel, we refer to the OFDM interference signal coming from a single path (4) and the channel impulse response (21). The derivation should be split into two cases.
• case 1: 
